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NATIONALAJYJISORYCOMMITTEEFORAERONAUTICS

‘I!ECHNICALMEMORANDUM1424

ONTEETHEORYOFANISOTROPICSHALLOW

By S.A. Ambartsumyan

1.INITIALASSUMPTIONS

SHELLS*

We shallconsidera thin-walled,sufficientlyshallowandaniso-
tropicshellwhosematerial,at eachpoint,hasa p

3
e ofelastic

symmetryparallelto themiddlesurfaceoftheshell.

Forthecoordinatesurfaceofthisshell,we takethemiddlesur-
faceincurvilinearorthogonalcoordinatesa and !3,coincidingwith
thelinesof curvature.Let kl = kl(c@, k2 = k2(u,B)be theprincipal
curvaturesofthecoordinatesurface,and A =A(cL,P),B = B(a,B],be the
coefficientsofthefirstquadraticform.

.
Inregardto theshell,wemakethefollowingsimplifyingassump-

tions:.

(1)ThehypothesisofKjrchhoff-Love(ref.2) showsthattherecti-
linearelementsof theshellnormalto themiddlesurfacemaintaintheir
initiallengthafterdeformationoftheshell,andremainrectilinear
andnormalto thissurface.Theerrorofthishypothesis,shownin ref-
erence3,hasa valueof theorderof (5k)comparedwithunity,where 5
istheconstantthicknessoftheshell.

(2)TheparametersA(cL,p) and B(cL,B)areregardedas constants
indifferentiation(ref.4).

(3)Certaintermsof secondarysi~ficanceareneglected

*“K teoriianizotropnykhpologikhobolochek.”Prik.Wt.
VO1. XII,1948,pp.75-80.

1A solutionoftheanalogousproblemfora platehasbeen
S.G. Lekhnitskii(ref.1).

.

(ref.5).

i Melih.,

givenby

.
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2.EQUATIONSOFEQUILIBRIUMANDRELATIONSBETWEEN

DEF-TIONS ANDSTRESSIS

Theconditionsofequilibriumofa elementof
initialassumptions,areexpressedby theequations

a shell,forour

.

[ 1-(klTl+k#2) +&$(BN1)+% (~2) +Z=o

aH aG2
‘x

+T+N2=0

bGl —
-A$,+B~ + ABN1=“0

S1 + S2 + klHl+ k2H2= O

Thelastrelation,in-virtueof theformulasexpressing theforcesand
mcmentstlmoughdeformationof themiddlesurface,isan identity.

Forthedeformationsandtheparametersofthechangesincurvature,
we have .—

(2.3)

where u = u(a,p),v = v(a,j3)arethe
facealongthecoordinatelines,and
ment.

displacementsinthemiddlesur-
W= w(a,j3)isthenormaldisplace-

In equation(2.3)weneglectedthecomponentsu and v in com-
parisonwiththecomponentw. Hence,these-relationsdonotdiffer
fromthecorrespondingexpressionsforplates.Thisinterpretationof
thechangeincurvatureforthegeneralcasewasoriginallygivenby
V.S.Vlasov(ref.5).
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Ofthethree
[ref.6),forthe
quired:

3

differentialrelationsgivenbyA. L.Goldenveizer
caseunderconsideration,onlythelastoneisre-

(2;4)

TheequationsofthegeneralizedHooke’slawin thechosentriortho-
gonalcurvilinearsystemofcoordinatesare

= Allea + A12ep+au

up=Auea +A22ep+

‘r=A13ea+A23ep+

‘$Y-‘A44efi‘A45eay

Tay = ‘45ep7+A e55ay

T
a$ ‘A16ea‘A26e~+

In thecaseunderconsiderationsfor

’13% ‘A16eaj3

’23% ‘A26ea~

‘33eT‘A36ea~

‘36eT‘A66eaP

‘r= 0, we have

where,followingS.
ducedthenotation

au= Bllea + B@p + ‘16ea~1
‘P=B12ea+ B22eP+ B26eaP

= B16ea+ B26eP+ B e%a~ 66alll1

(2.5)

(2.6)

G. Lekhnitskii’stheories(ref.1),thereisintro-

B~k=(A-@33-A#k3)/A33 (i,k= 1,2,6)

Thesestressesproducethefollowinginternalgeneralizedforces:
tangentialT,S,bending,andtorsionalmomentsG, H,which,onthe
twoprincipalsectionsa = constantand p = constant,havetheform
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T2= 5(B22c2+B12s1+B2#) ~.
I

(2.7)

63

J

—.
H1=-H2=H =-E (B66Z+B16X1+E;6X2)

SubstitutingthevaluesGl,G2 in equation(2.1),and H from--
equation(2.7),we obtain ..

(2.8)
.

where
—. .— .

.

3.~ DIFFERENTIALEQUATIONS

Fortheunknowns,take U(Ct,P), V(G,B), md d~)~}. If ‘I} ‘z)

U2 kl) k2 } and r fromequation(2.2]andequation(2.3)aresubstituted

ineqmtion(2.7),Tl,T2,S,Gl,G2,and H csmbe determinedasfunc-
tionsof u,v, and w.

Further,substitutingthevalues of theinternal.forcesintheequa-
tionsofequilibrium,andconsideringequation(2.8),thereis obtained .
a completesystemofequationsforthethreeprincipalunknownparsm-

-.

eters,namely,u,v, and w. Thissystem,followingtheworkofV. Z.
V1.asov(ref.5),ispresentedintableI.

.—
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Theequations(see3.1,tableI, connectingtheunknownsu, v,w ,).
andboundaryconditionsmakeitpossibleto investigatetheproblemof
theequilibriumofthin-walled,shallow,andanisotropicshellsby the
methodofdisplacements.Theintegrationofthissystemis,however,
connectedwithverygreatdifficulties.Makinguseofthemethodproposed
byV. Z.Vlasov(ref.5),forisotropicandanisotropicshells,theprob-
lemcanbe reducedto a systemoftwosimultmeousequations.

We shallassumethat X = Y = O, thatis,ifthecase0$ a surface
witha normalloadisconsidered.

Setting

(3.2)

thefirsttwoequationsofequilibriumareidenticallysatisfied.Further,
takingaccountofequations(2.3)and(3.2),we obtain,fromequation(2.4)
andthethirdequationsofequations(2.1)

where

Ll(Bik)
{

=* (33@66-

[
(Bl~B22- &) - 2(B12B66

a42(B.22B16-B12B26)>=

(3.3)

+ &Ll(B&)q = O

83
~L(Bik)w - Z = O

2(B11B26
1 #- B12B16)A% ~a3aP+——

1 1 a4
-B16B26)‘— +

A%2 aa2a~2

+ (B@66- @

46)- (B12B66-

I a4
}

—— (3.4)
B4 aP4

1‘16B26)2(3.5)
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Fortheoperatorswe introducethenotation .—
.—-

(3.6)

Equation.(3.3),inthiscase,assumetheform

&Ld%h - Vrw= O - Vrq)

whereq = q(a,j3)isthestressfunction,
to thefunctionsofAiry,and w = W(u,p)

63
. @@k)W + Z = O (3.7)

snalogousIntheplaneproblem
isthedisplacementfunction.

Fromequations(3.7),for kl= k2= 0,we obtainthewell-known
equationsfortheplanestressstateofa plate Ll(Bik)9= O, andfor
thebendingofan anisotropicplate,L(Bik)w= 12Z/53.

Thusjmakinguse-ofthemixedmethodofV. Z.Vlasov’(ref.5),we
obtaina morecompact
theoryofanisotropic
alentsingleequation

representationofthedifferentialequationsofthe
shells.Thesystem(3.7)maybe reducedto anequiv- “A
of theeighthorder.We set

—

—

Fromthesecondofequations(3.7),we obta@
—
.-

12QV:*= ZZLl(Bik)L(Bik)@+7 (3.9)53

We notethatthisequationisa generalizationof-theequationgiven
byV. Z.Vlazov(ref.7),forisotropiccylindricalshells,andcanbe
obtainedby anothermethodfromthesytitem3.1(table1),analogousto
themethodbywhichB. G. Galerkin(ref.9),obtainedtheequationofthe
isotropiccylindricalshell(ref.8).

—

Theinternalforces,by equations(2.2),(2.3),(2.7),(2.8),and
(3.8),areasfollows:

.—

(3.10) _ ,
-

.

... .: =



NACATM 1424
.

.

83
~l.-~ C(Bik)~(Bik)@ ‘2 =

Forthedisplacementofa pointofthe

w = LI(B~)@

middlesurface,we have

(3.13)

([ 11 a3*+
u=- & (B11B66- B~6)kl+(B12B66‘B16B26)k2~~

[ 11a%. 2(BllB26-B12B1~)kl- @22B16- ‘12B26)k2~=+

.

{[
(B11B22-

v=-

1 }
a3~

B~2)- (B~B66- B~6B26)kl - (B22B66- ‘Z6)k2~ ~ +

)

1 a3@
(B22B16- B@26)ki ~— (3.14)

B 3133

([ 1Ia3~+* (B22B66- B~6)k2+ (B12B66- ‘16B26)kl33 3P3——

. 3
(Bll+ B26-

)
B12B16)%;& (3.15)
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4.LOCALSTABILITYANQVIBRATIONS

Repeatingtheconsiderationsof.V.Z.Vlasov(;ef.5) yieldsthe
.

equationsofthelocalsttibilitvofariisotropicshsllowshellinthe
formpresentedintable11. “

Since,inthiscase,thecomponentsX
to thecurvatureskl and k2,theycanbe
(3.7),we thenobtain

—

and Y areproportional
neglected.Fromequation

=0

Thus,theproblemlikewisereducesto.~hesoiutionoftwosimultaneous
equationsforthestressfunction(p,andihedisplacementfunctionw.
Thissystemcanbe reducedtoa singleequtitionoftheeighthorder,for
a singlefunction.Fromequation(3.9]we have

-----
12QV2*Ll(Bik)L(B~}*+~r - .

—

.—
.

(4.3) ‘-. —-

01a2 ola2 1——2smm+ ‘2B2~p2LI(%)*=o

or (4.3),theequationsofvibrationof aniso-Fromequations(4.2)
tropicshallowshellscanalsoeasilybe obtainedby introducinginthe
computation,theinertiaforces,andby settingT~= @ = S0 = O.

Using y todenote
accelerationofgravity,
respectively,

thespecificweightoftheshell,snd g the
we obtain,fromequations(7.8)or (7.9),

(4.5)

.

—

Thisproblem”jforshallowisotropicshells,wasfirstsolvedinthis *
fom”byV. Z.Vlasov(ref.7). For kl = kz = O,thereisobtained,from
theequationsgiven,thefundamentalequationg.ofstabilityandvibration
of snisotropicplatesby S.G. Lekhnitskii(ref.8).

.
,_—

.-



,

NACATM 1424 9

.

REFERENCES

. 1.Lekhnitskii,S.G.: OnCertainQuestionsConnectedwiththeTheoryof
theBendingofThinPlates.PMM,vol.11,no.2, 1938.

2.Love,A.: MathematicalTheoryofElasticity.

3.Novozhilov,V.V.: On anErrorofOneoftheHypothesesoftheTheory
ofShells.DANSSSR,t.XXVIII,no.5-6,1943.

4.Rabotnov,Y. N.: EquationsoftheBoundaryZoneintheTheoryof
Shells.DANSSSR,t.XIVII,no.5, 1945.

5.Vlasov,V. Z.: FundamentalDifferentialEquationsoftheGeneral
TheoryofElasticShells.PMM,vol.VIII,no.2, 1944.

6.Goldenveizer,A. L.: EquationsoftheTheoryofThinShells.PMMj
vol.IV,no.2, 1940.

7. Vlasov,V. Z.: CertainNewProblemsoftheStructuralMechanicsof
Shellssnd!lhin-WalledStructures.Izv.AN SSSR.Otd.‘Tekh.Nauk.,
no.1, 1947.

. 8.Likhnitskii,S.G.: AnisotropicPlates.Gostel&izdat,1.947.

9.Galerkin,B. G.: Equilibriumof anElasticCylindricalShell.S%..
TrudyLeningradskogoinstit.sooruzhenii.ONTI,1935.

TrsnslatedbyS.Reiss
NationalAdvisoryCommittee
forAeronautics



TAELE1.

ur%P) v(a)!?.) w(a,p) (3.1)
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u(a,fl) v(a, $) w(a,p) (4.1)


